We present a tomographic technique making use of a gigaelectronvolt electron beam for the measurement of the spatial material budget distribution of centimetre-sized objects. With simulation tools originating from high-energy physics applications, a test environment replicating a beam telescope is set up to measure the trajectory of electrons traversing a structured aluminium cube with 6 mm edge length. The variance of the deflection angle distribution of the electrons undergoing multiple Coulomb scattering at the aluminium cube serves as an estimator for the radon transform of the material budget distribution. Basing the sinogram on positionresolved estimators enables the reconstruction of the original object. We show the feasibility of the reconstruction of the three-dimensional material budget distribution of the aluminium cube by successively imaging two-dimensional distributions of the projected material budget under varying rotation angles. Using a filtered back projection, the reconstructed image yields edge resolutions of the order of (50±2) µm and contrasts of about 6.6±0.2 compared to air, offering a new technique in non-destructive material testing.
I. INTRODUCTION
Among the many known tomographic techniques, the Computed Tomography (CT) [1] [2] [3] allows for the analysis of macroscopic samples of any given material type using the transmission/absorption of keV x-rays. The transmission of x-rays is governed by the probability to interact with a nucleus in the sample 4 . In turn, the transmission probability depends on the ratio of the path length of the photons traversing the sample over the material's characteristic radiation length X 0 . This ratio is also known as the material budget. Therefore, the measurand in CT is a function of the radiation length of x-rays, which varies among materials. The radiation length is defined as the path length at which a high-energetic electron loses all but a 1/e-th fraction of its original energy by emitting bremsstrahlung 5 . For photons, the mean free path in terms of pair production is 9/7 of the radiation length, which in turn is a function of the atomic number Z and the density, c.f. reference 6 . Hence, regions of differing materials or density, i.e. differing material budgets, are distinguishable by their transmission probability.
Available spatial resolutions of CT machines reach down to few hundreds of nanometres at reasonable contrasts 7 . Image quality suffers for both highly absorbing and highly transmitting samples resulting in low-contrast transmission patterns 8, 9 . Other imaging techniques target the discrimination of functional tissues and pose certain requirements on the sample type itself: For instance, PET requires biological markers in order to reveal the sample's substructure 10 , MRI is performed on samples containing nuclei with non-zero spin 11 . Typical transmission electron microscopy require very thin samples due to the low electron energy 12, 13 . However, the technique presented here is not limited to thin samples and does a) Electronic mail: hendrik.jansen@desy.de b) Electronic mail: paul.schuetze@desy.de not require non-zero spin materials, much like the CT, but is based on the deflection of charged particles rather than on the transmission probability of photons. We propose a tomographic technique based on the measurement of the impact position and scattering angles of charged particles in the GeV-range traversing a sample under test (SUT) that allows for the reconstruction of the spatial material budget distribution of the traversed object 14 . The technique is discussed using the example of electrons, but pion-, proton, or muon-based approaches apply equivalently. Incoming electrons probe a sample by undergoing multiple Coulomb scattering off the electric field of charged nuclei resulting in an effective angular deflection 15, 16 . This kink between the incoming and the outgoing electron is accessible by the measurement of the electron's trajectory, or track, using pixelated charged-particle sensors in front and behind the sample. The variance of the angular distribution measured from many probing electrons within a given area is related to the material budget traversed. The electron's impact position on the sample is also accessible by its trajectory. Position-resolved kink angle distributions for varying rotation angles of the SUT enable the use of an inverse radon transform 17 for image reconstruction. We demonstrate the feasibility of the reconstruction of the three-dimensional material budget distribution using the results of a simulation of an electron beam in the GeV-range in conjunction with a high-precision particle tracker. We therefore term the technique presented in this work a track-based multiple scattering tomography (TBMST).
Similar to the CT, no constraints on the material type are imposed by the TBMST and the amount of the material budget governs the expected signal. The underlying physical quantity for the TBMST is the same as for the CT, as the variance of the deflection angle distribution is inversely proportional to the radiation length. In contrast to the CT, where a fraction of the photons is absorbed, i.e. the measurement technique is a position-resolved counting experiment, almost all incoming electrons leave the sample volume in the technique proposed herein, therefore the basis of the TBMST is the position measurement of charged particle trajectories. In the CT, the image quality for samples larger than a few times its radiation length is limited by the small amount of photons leaving the sample, whereas sufficiently energetic electrons completely traverse the sample in a TBMST. This might present an advantage of a charged-particle based tomography over a photon-based tomography for sizeable samples of high-Z material, which could be exploited in non-destructive material testing. The superb position resolution of charged-particle tracking devices also fulfils the need of being able to resolve structures in the micrometre scale 18 .
II. SIMULATION SET-UP
For the presented study electron trajectories have been simulated using the AllPix Detector Simulation Framework 19 , mimicking a so-called beam telescope. Such devices usually comprise a set of successively arranged charged-particle sensors in order to measure particle trajectories and are used extensively in charged particle sensor research and development. The simulation is set to replicate an electron beam with a momentum of 1.6 GeV/c and its physical interactions while traversing matter in terms of scattering and energy deposition using the GEANT4 library 20, 21 . Appropriately, the simulation includes the energy loss and scattering processes of the propagated electrons in the sensors as well as in the passive materials including the SUT. Besides the air and the SUT, the simulated set-up contains the beam telescope and simulates their electronic response to a traversing electron. The simulation set-up is shown in Fig. 1 (A) . Depicted are the pixel sensor planes for the precise spatial measurement of the electrons' impact positions, a generic sample under test with its rotation angle ϕ, the distance dz between the planes as well as the distance dz SUT between the sample and neighbouring sensor planes. The material budget of a homogeneous SUT reads ε SUT (x, y) = l(x, y)/X 0 , l representing the path length of a beam particle through the SUT at a certain x-y-position. The beam illuminates the entire set-up homogeneously with its particles initially moving parallel to the z-axis. A configuration of the beam telescope with an equidistant plane-spacing is chosen for this study, cf. dz SUT = 10 mm. This article uses a right-handed coordinate system with the z-axis along the beam axis and the y-axis pointing downwards. The origin of the coordinate systems is located at the centre of plane 0. The SUT consists of a structured aluminium block allowing for the investigation of the potential and limits of this track-based multiple scattering tomography. Figures 1 (B) and (C) show a 3D illustration and a cross-section of the SUT at a rotation angle ϕ = 90
• , respectively. The SUT is a cube with an edge length of 6 mm and a rectangular cut-out of 3 mm × 3 mm × 1.5 mm at the bottom side. This enables the measurement of the contrast within a defined region of the material. Additionally, the sample features squared and round holes of 0.1 mm to 1 mm in size and diameter allowing for the testing of minimal resolvable feature sizes.
The beam telescope used in the simulation represents a EUDET-type beam telescope, with two of these devices available at the DESY Test Beam Facility 22 , and is described in detail in reference 18 . It comprises six pixel detector planes equipped with fine-pitch MIMOSA 26 sensors 23 . Each MIMOSA 26 sensor consists of 18.4 µm × 18.4 µm sized pixels arranged in 1152 columns and 576 rows, thus covering 21.2 mm × 10.6 mm in total. The detector response is simulated by forming patterns of one or more registered pixels using the impact position of the simulated electron trajectories on the sensors based on their measured response 24 . The average intrinsic resolution, i.e. the average spatial accuracy with which the impact position of the traversing electron can be reconstructed at a sensor, has been measured to be 3.24 µm 18 . With a sensor thickness of 50 µm protected by two Kapton foils of the same thickness, the material budget of the beam telescope planes are kept as low as possible in order to achieve an excellent track resolution even at beam momenta of a few GeV/c. The track resolution is defined as the spatial resolution of the electrons track at a given point along its trajectory. The track resolution of (2.0±0.1) µm for a 6 mm aluminium cube is considerably smaller than the edge resolution, which is discussed in section V.
For all material, electrons are simulated to undergo multiple Coulomb scattering causing an effective angular deflection. This distribution of scattering angles is centred around zero and its variance depends on the electron energy and the radiation length of the matter traversed 15, 16, 25, 26 . The variance of the angular distribution Θ 2 0 predicted by Highlands approximation of the Moliere theory for single scatterers evaluates to
with βc, p and z representing the velocity, the momentum and the charge number of the traversing electron. The material budget ε is defined as the ratio of the path length inside the material and the material's radiation length ε = l/X 0 . An accuracy of 11 % for all atomic numbers Z is reported for the Gaussian approximation of the inner 98 % of the angular distribution for scatterers of 0.001 ≤ ε ≤ 100 25 . The simulation is produces sets of trajectories that are subdivided into events. We define an event as one cycle of simulation with a small number of traversing electrons, analogous to the data produced in experiments using EUDET-type beam telescopes at the DESY Test Beam Facility. The data retrieved from the simulation 27 , covering a total of 280×10 6 simulated electrons, consists of a list of registered sensor pixels per such an event. A pixel is registered in case a beam particle is simulated to pass through it, and has a certain probability to be registered if the neighbouring pixel is traversed.
III. DATA PREPARATION AND IMAGE RECONSTRUCTION
In order to be used for image reconstruction, the simulated data are processed as follows. Registered pixels that adjoin are combined to form a so-called cluster. Due to the binary readout of the MIMOSA 26 sensors, which is reflected in the simulation, a simple geometrical interpolation of the cluster centre is performed, which is defined as the reconstructed hit position. The hits are translated from two-dimensional entities on the individual beam telescope planes into three-dimensional entities in the global frame of reference. A single beam particle usually produces six clusters, and hence hits, one per traversed sensor plane.
In order to find hits in the six planes originating from the same beam particle so-called triplets are built based on hits in the first three planes (upstream) and the last three planes (downstream) separately, as depicted in Fig. 2 : First, doublets are defined by straight lines from all hits in plane 0 to all hits in plane 2. A valid triplet is found, if a reconstructed hit in plane 1 around the doublet interpolation to plane 1 is present within a distance smaller than d val . Triplet isolation is ensured by rejecting all triplets whose extrapolation to z SUT approaches other triplet extrapolations of the same event by a distance smaller than d iso : if any triplet is too close to another, both are being discarded ensuring a clean dataset. This procedure is repeated accordingly for the downstream telescope planes. Finally, six-tuples are formed by matching isolated triplets from the up-and downstream telescope planes. A valid six-tuple is defined by a pair of triplets if they intersect within a radius of d match at the SUT's transversal plane. In a simplistic model, two straight lines, one originating from the upstream triplet and one from the downstream triplet, describe the track of the beam particle, with a single kink allowed at the SUT. From this simple model the effective kink angle caused by the multiple Coulomb scattering is extracted as the angle between the upstream and downstream triplets of valid six-tuples.
Accumulating many six-tuples, the variance of the kink angle distribution encodes the information about the material budget in the SUT. In fact, the solid angle can be decomposed into two projections along perpendicular dimensions and hence a two-dimensional measurement is performed. Appropriately, we chose the axes parallel to the sensor geometry, i.e. along the x-and y-direction. Due to the quantum mechanic nature of the scattering process, the kink angles k x and k y are expected to be uncorrelated for a single measurement and a single particle. However, the variance of the two distributions for a given SUT area are expected to fully correlate within uncertainties, which in principle enables the calculation of two independent estimates of the material budget distribution.
With the method described above, two-dimensional images are acquired that represent the position-resolved variance of the scattering angle distribution, and therefore an estimator for the material budget projected onto the x-y-plane. Subsequently, these images are split into vertical slices. The horizontal size of a slice is independent of the sensors' pixel size and defines the width (size in x) of the so-called voxels, the cells of the three-dimensional distribution to be reconstructed. The vertical cell size chosen defines the voxel's depth and height (sizes in y and z).
A sinogram is a collection of multiple one-dimensional projections of a two-dimensional density distribution, which is a binned representation of the radon transform of the original distribution 28 . In order to fully reconstruct the sample's material budget distribution, the simulation and analysis are repeated for different rotation angles of the sample and the corresponding vertical slices from all angles are combined to form such a sinogram. In our case, each data point in the sinogram is given by the variance of a multiple scattering angle distribution and is therefore, according to eq. (1), not linearly dependent on the material budget. It is therefore not a perfect estimator for the radon transform of the material budget distribution
but serves as a sufficiently accurate one to prove the concept. Therefore, considering a certain slice of the SUT, an inverse radon transform of the sinogram yields a reconstruction of the two-dimensional material budget distribution and the combination of reconstructions from adjacent slices results in a three-dimensional image 17 . Whereas the forward radon transform for a known density distribution is well defined, the inverse radon transform can only be approximated. For this work, the open source software package scikit-image 29, 30 is used, which is capable of performing a filtered back projection based on the central-slice theorem 17 .
IV. RESULTS
During data preparation, the following parameters have been used in order to find, isolate and match upstream to downstream triplets: d val = 100 µm, d iso = 70 µm, and d match = 35 µm. The resulting kink angles k x and k y per track at the SUT are shown in a scatter plot in Fig. 3 (A) for a given rotation angle at ϕ = 90
• and show no correlation, as expected. At the same time, the widths of the scattering angle distribution for the x-and y-direction in single cells of the two-dimensional projection correlate with a Pearson correlation factor of 0.94, cf. Fig. 3 (B) . Cells containing only air group at the lower left corner, cells containing 6 mm of aluminium at the upper right.
There are at least to possibilities to calculate an estimate for Θ 2 0 : (1) The rms of the kink angle distribution is evaluated and squared. (2) The mean of the squared kink angle distribution is evaluated. The latter is valid, as the kink angle distribution is symmetric around zero and resembles a normal distribution. Electrons traversing the upstream sensors near to the sensor edges might be scattered out of the acceptance area of the downstream sensor planes at the SUT causing a geometrical cut-off of the kink angle distribution. Therefore, the usage of the mean squared kink angle shows a more uniform performance in comparison to a direct evaluation of the rms of the angular distributions. In order to increase statistics, both measurements from the x-and the y-direction, k x and k y , are combined into 
< k
y >, which is mathematically equivalent to averaging the means of the two squared angles: < k
According to eq. (2) the mean squared kink angle yields an estimate of the material budget. Figure 4 (A) clearly shows the difference between the angular distributions for scattering in air and in 6 mm of aluminium. An image of the mean squared kink angles in the x-y-plane for a fixed rotation angle of ϕ = 90
• is shown in Fig. 4 (B) with a cell size of 200 × 80 µm 2 . The SUT clearly protrudes from the surrounding air, the 3 mm × 1.5 mm cut-out at the bottom side and the larger holes around y = 1.5 mm are visible. Rather small deviations from the solid aluminium are visible around the location of the smaller holes at y = 0 mm.
Such material images are constructed for every rotational angle of the SUT. For each step, a slice is cut out, exemplified at 0 ≤ x < 200 µm as a red box in Fig. 4 (B) . With the slices having a vertical cell size of 80 µm, the voxel size is therefore defined to be 200×80×80 µm 3 . The material budget along the slice in the y-direction is shown in Fig. 4 (C) . A high signalto-noise ratio is readily visible comparing the regions of air with those of aluminium. The projection reveals sharp edges at the borders at x = ±3 mm as well as a clear transition (Fig. 4 (D) ) yields the reconstructed material distribution in the y-z-plane. The coloured boxes indicate the regions used for the determination of the contrast, blue for aluminium, red for air. The bracketed numbers reference horizontal lines at which the edge resolution is evaluated, shown on the right.
from the cut-out to the solid region at y = −1.5 mm.
Slices of the material image for 180 rotational angles of the SUT from 0 to 179 degrees form the sinogram presented in Fig. 4 (D) . This sinogram serves as input for an inverse radon transform, with the result shown in Fig. 5 , representing the reconstructed material budget distribution in the y-z-plane. Readily visible are the holes of the upper row, as well as the right and the middle hole of the lower row. Merely the smallest hole of 0.1 mm diameter is not visible at the chosen slice width of 0.2 mm. Note that the holes in the lower row neither showed a significant signal in the x-y-nor in the sliced y-projection in Fig. 4 (B) and (C), but can be recovered by combining slices from all rotational angles.
V. DISCUSSION
We discuss the potential of the track-based multiple scattering tomography in terms of contrast and resolution. From Fig. 5 the contrast is calculated. Within a region of air, indicated by the red box, the mean signal of the inverse transform amounts to µ air = 0.005±0.013, whereas for the region containing aluminium only the mean signal is µ alu = 0.147±0.018. At a slice width of 200 µm, this results in a contrast C of aluminium to air of
with σ alu and σ air representing the standard deviation of the signal of the inverse radon transform within the mentioned areas. We define the edge resolution σ edge as the width of the transition from one continuous region to another. This value is extracted by fitting a modified error function
to the signal of the inverse radon transform along the z-coordinate at three different locations, cf. Fig. 5 . This resembles the integration of a normal distribution with σ edge as its width, a scaling factor k, the inflection point z 0 and an offset b. To increase the signal-tonoise ratio and therefore the precision of this measurement, the signal is integrated over five voxels in the y-direction prior to the fit. This does not change the value of σ edge , but decreases its uncertainty. Hence, for a voxel size of 80 µm in the z-direction, an edge resolution of (46.2±2.7) µm, (54.5±3.0) µm and (52.3±2.9) µm is extracted for the positions (1), (2) and (3), respectively. Smaller voxel sizes are found to result in an even better resolution, but at a constant particle flux the contrast strongly decreases with lower voxel sizes due to higher statistical uncertainties. Assuming a 6 mm thick aluminium plate, which corresponds to an ε SUT = 0.067, a track resolution at the centre of the SUT of (2.9±0.1) µm is calculated 31 , posing a lower limit on the resolvable feature size. Furthermore, a transversal movement of the traversing particles inside the SUT due to the scattering processes induces a deterioration of the position resolution depending on the thickness of the scatterer. The contribution of this effect is calculated to be less than 3.7 µm for the simulated sample. This implies possible resolutions down to 5 µm for this method, although cell sizes of this order come at the cost of the demand of high statistics and therefore, in a real experiment, increased measurement time.
Technologically, larger samples could be reconstructed using sensors of larger area. Samples consisting of materials with shorter radiation length could be dealt with by tuning the particle energy according to the expected energy loss in the sample and thereby ensuring a complete transition.
VI. CONCLUSION
We demonstrated the feasibility of the reconstruction of centimetre-sized objects probed by high-energy electrons. Therefor, the effective angular deflection caused by multiple Coulomb scattering is measured for simulated electron trajectories. The simulation performed incorporates all necessary physical processes and is a realistic representation of a set-up available at beam lines today. The spatial resolution on the SUT is calculated to (2.9±0.1) µm, and allows in principle for the resolution of features on the micrometer scale. In order to represent statistics comparable to a real experiment, 280 million electrons were simulated and a voxel size of 200 × 80 × 80 µm 3 was chosen, leading to resolutions of about σ edge = (50±2) µm. This allows for the discrimination of structures of 0.2 mm size. A contrast of about C = 6.6±0.2 has been measured comparing regions of aluminium with regions of air. Possible improvements of contrast and resolution are expected to be obtained by using a dedicated model for the trajectory of the electron, including the scattering at the sensor planes of the beam telescope, and a more sophisticated image reconstruction method. The method is in principle scalable to larger samples by increasing the sensor size, and to shorter radiation lengths by increasing the beam energy, allowing this track-based multiple scattering tomography to be used in non-destructive material testing.
DATA AND MATERIALS
The datasets supporting the conclusions of this article are available from reference 27 . The software used is available from the github repositories: 1) https://github.com/eutelescope/eutelescope, 2) https://github.com/scikit-image/scikit-image, and 3) https://github.com/simonspa/resolution-simulator.
